Abstract. In this paper, we construct an infinite family of elliptic curves whose rank is exactly two and the torsion subgroup is a cyclic group of order two or three, under the parity conjecture.
Introduction
There are numerous results on the construction of an infinite family of elliptic curves over the rational numbers whose rank is at least r. The highest record is r = 18, due to Elkies [Duj] . All elliptic curves in Elkies' examples have a trivial torsion subgroup.
Motivated by this result, some are interested in the construction of a family of elliptic curves whose ranks are at least r, and torsion subgroups are equal. Such results can be found in [Duj] . However, less is known for the construction of an infinite family of elliptic curves over the rational numbers whose rank is exactly r. The only known cases are r = 0 and 1.
In [BJ17] and [BJ16] , the author and D. Byeon construct an infinite family of elliptic curves over rational numbers whose Mordell-Weil group is exactly Z × Z under the parity conjecture, which claims that ord s=1 L(s, E) ≡ rank Z (E(Q)) (mod 2).
We will construct a family of elliptic curves whose Mordell-Weil groups are Z × Z × T for torsion subgroups T = Z/2Z and Z/3Z under the parity conjecture. Theorem 1.1. Under the parity conjecture, there are infinitely many elliptic curves E
Standard descent techniques work nicely on elliptic curves E p : y 2 = x 3 − px and defined by p has no Q 2 or Q 3 -points. Therefore, we just need residue class conditions on p modulo a power of 2 or 3, which can be given by the following lemma.
be a polynomial which has a positive leading coefficient with degree k. Let A, B be relatively prime odd integers, g be an integer, and i, j be positive integers with 0 < i, j < g and (i, g) = (j, g) = 1. Suppose there is at least one integer m such that 2f (m) ≡ Ai + Bj (mod g) and (AB, 2f (m)) = 1.
(mod g) and (AB, 2f (n)) = 1 for which the equation 2f (n) = Ap 1 + Bp 2 has no solution
Then there is an absolute constant c > 0 such that
so there are infinitely many integers n such that
for some primes p 1 ≡ i and p 2 ≡ j (mod g).
2-Torsion case
In this section, we use notations E m for the elliptic curves with Weierstrass equation 
Moreover, an elliptic curve
Proof. The first part of the lemma is deduced by [BS66, (10) , (13)]. The second part can be verified by a direct calculation.
Recall [Sil, Theorem X.4.9] . Let E ′ m be an elliptic curve defined by an equation
K be a set of infinite places and finite places of K, respectively, S be a set of primes defined by
, and WC(E/Q) be a Weil-Châtelet group of elliptic curve E/Q. Further let
By the theory of descent,
where
4 is a homogeneous space for E m /Q. We denote Sel φ (E/Q) for both a subgroup of the first cohomology
) and a subgroup of Q(S, 2).
for some primes p and q. Then,
(ii) If one of p and q is not equivalent to 1 modulo 4, then
Proof. (i) By previous arguments we know that Q(S, 2) = {±1, ±2, ±p, ±q, ±2p, ±2q, ±pq, ±2pq} = −1, 2, p, q , and
The image of torsion points of δ is always in Selmer groups, we know that pq ∈ Sel φ (E pq /Q).
Let (W, Z) be a Q 2 -points of C 2 : w 2 = 2 + 2pqz 4 . We may assume that W ∈ 2Z 2 and
, p, q, pq, 2p, 2q} which proves (i).
(ii) The image of the nontrivial torsion point is
by Legendre symbol. By Hensel's lemma,
Similarly, q ≡ 1 (mod 4) ⇐⇒ C 
Consequently, if one of p and q does not equivalent to 1 modulo 4,
, ±p, ±q, −pq, ±2p, ±2q, ±2pq}.
Let A = {1, ±p, ±q, −pq, ±2p, ±2q, ±2pq}. Then, all the possible groups contained as sets in A have bounded order by 4.
We recall that
which is directly deduced by the exact sequence
and
Theorem 2.3. There are infinitely many elliptic curves E such that
In other words, under the parity conjecture, there are infinitely many elliptic curves whose
Mordell-Weil groups are exactly Z × Z × Z/2Z.
Proof. There is a natural Q-isomorphism between E t 4 s ∼ = E s for t, s ∈ Q, which is defined by (x, y) → ( 
The torsion subgroup of E (−pq) is Z/2Z. Since pq ≡ ±1 (mod 8) and p, q ≡ 3 (mod 4), rank Z (E(Q)) ≤ 2, by Proposition 2.2. Finally w E −pq = w ∞ w 2 = (−1)(−1) = +1, by Lemma 2.1.
3-Torsion case
In this section, we denote elliptic curves defined by equations y Lemma 3.1. Let w m be a root number of an elliptic curve E m : y 2 = x 3 +m 2 , and assume that (m, 6) = 1. Then w m = w 3 p|m w p , where
otherwise. w p = −1 if p | m, and p ≡ 2 (mod 3),
Moreover, an elliptic curve E a(a 2 −b 2 ) :
Proof. The root number part can be easily deduced by [Liv95, §9, Theorem] . The second part can be verified by a direct calculation.
In [CP09] , authors give very explicit calculations on the descent for elliptic curves
and φ ′ be its dual isogeny. There are connecting homomorphisms
for the unique nontrivial element τ ∈ Gal(K/Q) and v ∈ K. Moreover, a homogeneous space C ′ d is defined by an equation
where v = v 1 + v 2 √ −3, and v i ∈ Q.
(ii) If d ∈ im δ, then there exists squarefree coprime integers
(a, τ (a)) = 1, and Nm K/Q (a) is a cubefree divisor of 2m divisible only by primes which is split in K/Q. We study elliptic curves E pq : y 2 = x 3 + p 2 q 2 . In this case, by Lemma 3.2 (ii), im δ ≤ 2, p, q and every element in im
where Nm K/Q (a) divides 2m and divisible only by primes split in K/Q. Note that by
We will use following results in [CP09] which determine the local triviality of homoge-
Lemma 3.3. For the primes p, q ≥ 5 and elliptic curves E pq : 
has.
(ii) For u i which do not divided by 3, a homogeneous space C :
has a Q 3 -point if and only if u i ≡ ±u j (mod 9) for some i = j. (ii) When p ≡ 2 (mod 3) and q ≡ 1 (mod 3),
Proof. (i) By Lemma 3.3 (i), it is enough to consider
Since im δ is a group, a homogeneous space
(We will denote this homogeneous spaces by has a trivial solution [1, −1, 0], and (1, 2pq, 1) has a trivial solution [0, 1, −1]. Hence 1, 2pq ∈ Sel φ (E pq /Q). There are 4-families, {(1, 2, pq), (pq, 2, 1), (1, pq, 2)}, {(1, q, 2p), (1, 2p, q), (2p, q, 1)}, {(2, p, q), (2, q, p), (p, q, 2)}, {(2q, p, 1), (1, 2q, p), (1, p, 2q)}.
6
If one of the family is in Sel φ (E pq /Q), then all elements in the family are in the Sel φ (E pq /Q) since 2pq is in Sel φ (E pq /Q). Hence it enough to check one homogeneous space for each family.
For X 3 + 2Y 3 + pqZ 3 = 0, by Lemma 3.3 (ii) it has a rational solution over Q 3 if and only if pq ≡ ±1, ±2 (mod 9). Hence 4 ∈ Sel φ (E pq /Q) if p, q ≡ ±2 (mod 9). Similarly we can show the following:
• q 2 does not lie in Sel φ (E pq /Q) when q ≡ ±1, p ≡ ±5, and q ≡ ±2p (mod 9),
• 2p 2 does not lie in Sel φ (E pq /Q) when p ≡ ±2, q ≡ ±2, and p ≡ ±q (mod 9),
• p 2 does not lie in Sel φ (E pq /Q) when p ≡ ±1, q ≡ ±5, and p ≡ ±2q (mod 9), so if p, q ≡ ±2 (mod 9), then 2, p, q (and 2 2 , 2 2 pq, · · · , 2 2 q 2 p and 2qp 2 ) do not lie in
